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Abstract
Solid inflation is a cosmological model where inflation is driven by fields which enter the La-
grangian in the same way as body coordinates of a solid matter enter the equation of state,
spontaneously breaking spatial translational and rotational symmetry. We construct a simple
generalization of this model by adding a scalar field with standard kinetic term to the action.
In our model the scalar power spectrum and the tensor-to-scalar ratio do not differ from the
ones predicted by the solid inflation qualitatively, if the scalar field does not dominate the
solid matter. The same applies also for the size of the scalar bispectrum measured by the non-
linearity parameter, although our model allows it to have different shapes. The tensor bispectra
predicted by the two models do not differ from each other in the leading order of the slow-roll
approximation. In the case when contribution of the solid matter to the stress-energy tensor
is much smaller than the contribution from the scalar field, the tensor-to-scalar ratio and the
non-linearity parameter are amplified by factors ǫ−1 and ǫ−2 respectively.
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1 Introduction
Amongst numerous inflationary models there is a significant subgroup of single-field ones. In
the simplest of them the primordial perturbations generated during inflation have a nearly flat
spectrum and a small level of non-Gaussianity which arises only from non-linearities of the
Einstein–Hilbert action and higher powers appearing in the potential of the scalar field [1]. On
the other hand, in more complicated single-field models a significant level of non-Gaussianity
is generated. For instance, models with non-canonical kinetic term [2] produce ”orthogonal”
non-Gaussianity described by bispectrum with positive peak at ”equilateral” configuration of
momenta (k1 ≈ k2 ≈ k3) and negative peak at ”folded” configuration (k1 ≈ k2 + k3). Examples
with particular choices of non-canonical kinetic term are k-inflation [3] and Dirac–Born-Infeld
(DBI) inflation [4, 5] with ”equilateral” shape of bispectrum. Models with higher derivative
interactions may generate either ”folded” [2, 6] or ”equilateral” type of non-Gaussianity. The
latter case includes ghost inflation [7] and models arising from effective field theories [8]. ”Folded”
shape of bispectrum appears in models with non-Bunch-Davies vacuum [9, 10] as well.
Multi-field models of inflation lead to ”local” non-Gaussianity peaking at ”squeezed” config-
uration of momenta (k1 ≈ k2 ≫ k3). One of less standard examples of such models is solid
1
inflation [11, 12], driven by three-component scalar field φI which enter the Lagrangian in the
same way as body coordinates of solid matter enter the equation of state, so that the matter
action has to be invariant under internal translations and rotations,
φI →M IJφJ , φI → φI + CI ,
M IJ ∈ SO(3), CI ∈ R3, I, J = 1, 2, 3, (1.1)
where the capital indices are raised and lowered by the Euclidean metric. The simplest possible
background configuration,
φI = δIi x
i, (1.2)
xi being spatial coordinates, breaks the spatial translational and rotational symmetry, but in a
flat universe it is invariant under the combined spatial-internal transformations. As shown by
Endlich et al. [12], in this model there appears anisotropic dependence of the scalar bispectrum
on how the squeezed limit is approached. Further development of the theory includes [13, 14,
15, 16].
Apart from the inflationary models the idea of solid matter as one of the matter components
present in the universe was studied in an attempt to give an alternative explanation of the
accelerated expansion of the universe, see [17, 18, 19, 20, 21]. This can be obtained by replacing
the dark energy with a solid with negative pressure to energy density ratio and an important
example of how such solid can be materialized are cosmic strings and domain walls [22, 23, 24].
In this paper we study a combined inflationary model including scalar field ϕ with standard
kinetic term and three-component scalar field φI with symmetries defined above. Similar ap-
proach can be found in [25] where the authors study a model with special form of equation of
state of the solid but non-trivial coupling of scalar fields to gravity. In our Lagrangian
L = 1
2
gµν∂µϕ∂νϕ+ F (ϕ,X, Y, Z), (1.3)
there is no non-trivial coupling of scalar fields to gravity, but we keep the form of the equation of
state as general as possible, omitting derivative couplings only. Variables X , Y and Z are three
independent quantities invariant under transformations (1.1), for which we adopt definitions
from [12]:
X = BII , Y =
BIJBIJ
X2
, Z =
BIJBIKBJK
X3
, BIJ = −gµν∂µφI∂νφJ , (1.4)
where BIJ is the body metric. (We have changed its sign in order to reconcile it with the
signature of the metric tensor (+ − −−), which we use throughout the paper.) Our model
represents a straightforward combination of the solid inflation and the basic single-field models.
In section 2 we study evolution of the universe in which the cosmological perturbations are
absent, section 3 contains summary of the perturbation theory including the quadratic actions
for the scalar and tensor perturbations, and the detailed analysis of the scalar perturbations can
be found in section 4, where also the scalar spectrum is derived. Section 5 is dedicated to the
scalar bispectrum and the analysis of the tensor perturbations including the tensor spectrum
and bispectrum is presented in section 6. The theory explained in sections 2, 3 and 5 is based
mainly on the works [1, 12, 32]. In the last section we discuss our main results.
2 The unperturbed universe
In this section we provide an analysis of our inflationary model for the unperturbed case with
flat Friedmann–Robertson–Walker–Lemaître (FRWL) metric
ds2 = dt2 − a2δijdxidxj , (2.1)
2
where a = a(t) is the scale factor. The invariants X , Y and Z are then
X = 3a−2, Y = 1/3, Z = 1/9. (2.2)
For two variables describing the universe, scale factor a(t) and scalar field ϕ(t), we have equa-
tions of motion serving as background equations in the perturbed theory,
ϕ˙2 − 6M2PlH2 = 2F, (2.3)
ϕ˙2 + 2M2PlH˙ = 2a
−2FX , (2.4)
ϕ¨+ 3Hϕ˙ = Fϕ, (2.5)
where the subscripts stand for partial derivatives, H = a˙/a is the Hubble parameter and the dot
denotes the time derivative. Of course, due to the Bianchi identity only two of these equations
are independent. We can also see that in the unperturbed case the model is described by only
two fields X and ϕ, the former given in terms of the scale factor by the first relation in (2.2).
This is a manifestation of convenience of the definition (1.4). Note that the single-field model
with potential dependent on the scale factor, which uses the same variables, differs from our
model even in the absence of perturbations.
For different functions F there are different solutions of the background equations and a
useful quantity measuring the deviation from the de Sitter solution is the slow-roll parameter
ǫ = − H˙
H2
. (2.6)
Using equations (2.3) and (2.4) we find
ǫ = p+ q − 1
3
pq, p =
ϕ˙2
2M2PlH
2
, q = X
FX
F
, (2.7)
where p and q are the slow-roll parameters of the single-field inflation and the solid inflation
respectively. In our combined model we have an additional degree of freedom, so that the slow-
roll parameter can be small also for finite values of the parameters p and q. The region of the
parameter space in which the slow-roll parameter is small and positive (so that superinflation
is excluded) is depicted in fig. 1.
Fig. 1: The slow-roll parameter is small near the hyperbolic contour given by relation (2.7).
The hyperbola has asymptotics at p = 3 and q = 3. The only region which is not excluded
by condition that Hamiltonian of scalar pertubations is bounded from below is near the centre
p = q = 0 and is depicted by red color. This will be explained in section 3.
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Relation (2.7) can be rewritten in terms of pressure to energy density ratios as
2w − 1 = wϕ + ws − wϕws, (2.8)
where wϕ = 2p/3− 1 and ws = 2q/3− 1 denote pressure to energy density ratio of the scalar
field and the solid respectively, while w = 2ǫ/3 − 1 is the overall pressure to energy density
ratio of the system consisting of these two components. Similarly as with the dependence of ǫ
on p and q, we can see that w can be close to −1, in order to allow nearly de Sitter background
solution, not only if wϕ ≈ ws ≈ −1 but also for a wide range of parameters wϕ and ws, as long
as the relation wϕ + ws − wϕws ≈ −3 is satisfied.
The inflationary expansion, either exponential or power-law [26, 27], requires that the slow-
roll parameter ǫ is not only small, but also has small enough time derivative. Thus, we need
another slow-roll condition, |η| ≪ 1, where
η =
ǫ˙
ǫH
. (2.9)
With the the use of the background equations and definitions of slow-roll parameters we find
1 +
1
2
η − ǫ = 1
3ϕ˙2 − 2XFX


√
6M2Pl
ϕ˙2 − 2F (3Fϕ −XFXϕ) ϕ˙+ 2
(
X2FXX − 3ϕ˙2
) . (2.10)
Evolution of the unperturbed universe is determined by initial conditions imposed on vari-
ables a(t) and ϕ(t) and by function F , which without perturbations is effectively a function of
these two variables, F = F (ϕ,X), where X = 3a−2. We do not specify this function, we only
demand restrictions on it given by slow-roll conditions. The inflation ends when the solution
{a(t), ϕ(t)} leaves the region in a-ϕ-space in which the slow-roll conditions on function F are
satisfied.
In the single-field inflation the slow-roll parameter ǫ equals to parameter p defined by (2.6)
which measures breaking of time reparametrization symmetry related to time dependence of
the scalar field, and the scalar field can be used as a physical ‘clock’ measuring the time when
inflation ends. This is different for solid inflation, since fields φI driving the inflation do not
depend on time, see (1.2). The role of physical ‘clock’ then must be played by metric [12]. In
our combined model it can be played by both of them. This leads to no contradictions as long
as for given initial conditions and function F the solution {a(t), ϕ(t)} is fully specified, and
therefore ϕ is given by a and vice versa.
Attempting to make the analysis of the inflationary solutions more transparent, we have
replaced X = 3a−2 and ϕ by p and q, which are functions of time as well. On the other hand,
the theory under consideration is effectively described by a function of two variables F (X,ϕ).
Therefore, it is possible that different functions F (X,ϕ) lead to the same solution {X(t), ϕ(t)},
while it is also possible in principle that for some functions X and ϕ the corresponding function
F does not exist, so that such pair of functions cannot be the background solution. The reason
why the latter case cannot happen is summarized in the following paragraphs.
Function F corresponding to a given background solution {X(t), ϕ(t)} can be constructed
geometrically. First we define curve Γ in the X-ϕ-F -space as
Γ : t 7→ [X(t), ϕ(t), F (t)], (2.11)
where F (t) can be found with the use of equation (2.3), and F , ϕ and t must be replaced by
dimensionless quantities F˜ = M−4Pl F , ϕ˜ = M
−1
Pl ϕ and t˜ = MPlt, but for simplicity we skip the
tilde over them in this paragraph. The curve Γ is constructed to belong to a surface given by
the constraint F = F (X,ϕ), so that we know the function F (X,ϕ) for X and ϕ being the given
background solution. For a given curve Γ there are obviously infinitely many functions F , but
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not all of them lead to the desired solution {X(t), ϕ(t)}, because the gradient of this function
[FX , Fϕ] is restricted by equations (2.4) and (2.5). As a result, the surface given by function F
must contain not only curve Γ but also an infinitesimally shifted curve
Γ(ε) : t 7→
[
X + ε
FX
|∂F | , ϕ+ ε
Fϕ
|∂F | , F + ε|∂F |
]
, |∂F | =
√
F 2X + F
2
ϕ, (2.12)
where all quantities in the square brackets except for infinitesimally small ε are functions of
time obtained with the use of the background equations (2.3)-(2.5).
The construction of function F fails if projections of curves Γ and Γ(ε) to the X-ϕ-plane in-
tersect while curves themselves do not, since at points where this happens the value of F cannot
be defined. However, the Bianchi identity prevents such case to happen and the construction
of F never fails. In this way the function F (X,ϕ) is defined uniquely only for X and ϕ which
are infinitesimally close to the background solution. Outside this region it can be defined in
any way, even being discontinuous. This freedom of choice arises because our construction of
function F is suited to a background solution with specific initial conditions.
Letting the initial conditions be arbitrary, the question of existence of a function F generat-
ing a given system of solutions {X(X0, t), ϕ(ϕ0, t)} changes considerably. For example solutions
with an exponential growth of the scale factor, a(t) ∝ exp (Ht), (H being cosntant) and the
scalar field as a linear function of time, ϕ(t) ∝ t, can be obtained if p(t) and q(t) are con-
stant functions such that q = 3p/(p− 3). Function F generating such solutions has to satisfy
conditions
F = M2PlH
2(p− 3), FX = 3M2PlH2p/X, Fϕ = ±3
√
2MPlH
2√p, (2.13)
so that, if p 6= 0, function F must be constant while its gradient is non-zero. Although such
function does not exist, one can find a function satisfying these conditions for X and ϕ belonging
to an arbitrary curve in the X-ϕ-plane, and we can chose this curve to be the desired background
solution. The conclusion is that there exists a function F which generates an exponential growth
of the scale factor and a linear dependence of the scalar field on the time only for special initial
conditions {a0, ϕ0} and for any other initial conditions the form of the background solution
must be different.
A trivial example of function F generating solutions of the form a ∝ exp (Ht) and ϕ =
const. regardless of initial conditions is the constant function F = −3M2PlH2, corresponding
to parameters p and q which are both zero. One could find a way how to construct F (X,ϕ)
from arbitrary {X(X0, t), ϕ(ϕ0, t)}, which in contrast to our construction may not always be
possible, but the result which we have obtained here will suffice for the purpose of the rest of
our work.
3 Quadratic actions
For the perturbation theory we adopt the technical approach from [1] and we use the spacialy flat
slicing gauge as in [12]. This section contains a summary of the technicalities of this approach
and the results obtained for our model within it. The most important results to be used in the
following sections are the quadratic actions for the tensor and scalar perturbations (3.14) and
(3.21), and useful additional relations (3.23)-(3.26). The scalar and tensor cubic action can be
found in the following sections where bispectra are computed.
Leaving the unperturbed case, the flat FRWL metric (2.1) must be replaced by a more
general one. In the ADM parametrisation the general metric is
ds2 = N2dt2 − hij(dxi +N idt)(dxj +N jdt). (3.1)
The components of the inverse metric are
g00 = N−2, g0i = −N−2N i, gij = −hij +N−2N iN j , (3.2)
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and the flat FRWL metric corresponds to N = 1, N i = 0 and hij = a
2δij . For analyzing
perturbations we will use spacialy flat slicing gauge in which the scalar and vector perturbations
of the three-dimensional metric are set to zero. The perturbed metric is then given by
N = 1 + δN, N i = ξ,i +N
i
T , hij = a
2 exp(γij), (3.3)
where N i is decomposed into scalar and vector parts (longitudinal and transversal parts in
Helmholtz decomposition), N iT satisfying N
i
T,i = 0, and γij is traceless and transversal, i.e.
γii = 0 and γij,j = 0. Similarly, for perturbations of the inflationary fields we have
ϕ = ϕ0 + δϕ, φ
I = δIi x
i + πI , πI = ρ,I + π
I
T , (3.4)
where πIT,I = 0.
The overall action of our inflationary model consisting of the Einstein–Hilbert and matter
part is
S =
∫ √−gd4x [1
2
M2PlR+
1
2
gµν∂µϕ∂νϕ+ F (ϕ,X, Y, Z)
]
, (3.5)
and can be rewritten as
S =
∫
d4xN
√
h
{
1
2
M2Pl
[
R(3) +
1
N2
(
EijE
j
i − (Eii)2
)]
+
1
2
∂µϕ∂
µϕ+ F
}
, (3.6)
where we have followed notations of [1]. R(3) denotes the three-dimensional scalar curvature
corresponding to the spatial metric hij and the extrisic curvature of equal-time hypersurfaces
is
Kij = N
−1Eij =
1
2N
(
h˙ij −∇iNj −∇jNi
)
, (3.7)
with the covariant derivative with respect to the spatial metric denoted by ∇. By varying this
action with respect to N i and δN we obtain the momentum and hamiltonian constraints,
M2Pl∇j
[
N−1(Eji − δjiEkk )
]
+N∂Ni
(
1
2
∂µϕ∂
µϕ+ F
)
= 0, (3.8)
1
2
M2Pl
[
R(3) − 1
N2
(
EijE
j
i − (Eii)2
)]
+ ∂δN
(
1
2
N∂µϕ∂
µϕ+NF
)
= 0. (3.9)
Considering δN , ξ and N iT in the form of the plane waves with the wavenumber k, these
constraints are satisfied up to the first order of the perturbation theory for
δN =
(M2PlHk
2ϕ˙0 − FXFϕ)δϕ+ ϕ˙0FX ˙δϕ+ 2a−2F 2Xk2ρ− 2M2PlHFXk2ρ˙
2FFX + 2M4PlH
2k2
, (3.10)
ξ =
−(Fϕ˙0 +M2PlHFϕ)δϕ+M2PlHϕ˙0 ˙δϕ+ 2M2PlHa−2FXk2ρ+ 2FFX ρ˙
2FFX + 2M4PlH
2k2
, (3.11)
N iT =
4FXδ
i
I π˙
I
T
4FX −M2Plk2
. (3.12)
Knowing the higher order corrections is not necessary unless the fourth order terms in the
action are needed, since the second order terms of N and N i multiply the first order constraint
equations and their third order terms multiply the zeroth order constraints [1].
Expanding the action (3.6) up to the second order and using (3.10)-(3.12) we can find the
quadratic action which determines the evolution of δϕ, ρ, πIT and γij in first order of the
perturbation theory. We can also use integration by parts together with relations πIT,I = 0,
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N iT,i = 0, γii = 0 and γij,j = 0 appearing in definitions of these perturbations. In this way we
obtain the quadratic action decomposed into three parts
S(2) = S
(2)
S + S
(2)
V + S
(2)
T , (3.13)
where the scalar, vector and the tensor parts are denoted by S
(2)
S , S
(2)
V and S
(2)
T respectively.
The tensor quadratic action can be written in the form
S
(2)
T =
1
4
M2Pl
∫
d4xa3
(
1
2
γ˙ij γ˙ij − 1
2
a−2γij,kγij,k + 2h˜c2Tγijγij
)
, (3.14)
where h˜ = H˙ + ϕ˙20/(2M
2
Pl) = H
2(p− ǫ) and cT denotes the transverse sound speed,
c2T = 1 +
2
3
FY + FZ
XFX
. (3.15)
The vector quadratic action is
S
(2)
V =M
2
Pl
∫
d3kdt
(2π)3
a3
(
1
4
k2
1− k2/(4a2h˜) π˙
I
T π˙
I
T + h˜c
2
Tk
2πITπ
I
T
)
. (3.16)
The quadratic terms in actions are written in the simplified form. Terms such Re {ψkχ∗k} we
denote as ψχ, and we use this notation also in the rest of this section.
The scalar quadratic action can be written as a sum of three parts as
S
(2)
S = M
2
Pl
∫
d3kdt
(2π)3
a3

1
3
e˜k4
1− e˜k2/(3a2h˜)
(
ρ˙− h˜
H
ρ
)2
+ h˜c2Lk
4ρ2

+ (3.17)
+ S
(2)
δϕ + S
(2)
δϕ-ρ,
where e˜ = 1− ϕ˙20/(2F ) = 3/(3− p), cL is the longitudinal sound speed,
c2L = 1 +
2
3
XFXX
FX
+
8
9
FY + FZ
XFX
, (3.18)
and S
(2)
δϕ denotes action quadratic in δϕ, while S
(2)
δϕ-ρ is action consisting of δϕ-ρ-type terms. The
first part of action (3.17) is written in the explicit form for the sake of being easily compared
to (6.4) in [12] as the special form of our action with parameter p set to zero. The same applies
to the tensor and vector parts.
The full scalar quadratic action written with coefficients expressed in terms of the slow-roll
parameter ǫ and the parameter p is
S
(2)
S =
∫
d3kdt
(2π)3
a3
{
M2PlQ˜k
4 (ρ˙+HQρ)
2 −M2PlH2Qc2Lk4ρ2 + (3.19)
+
1
2
(
1 + pQ˜
)
˙δϕ
2 −√pp˜S+δϕ ˙δϕ+
+
1
2
(
Fϕϕ − k
2
a2
+
[(
1
2
ηp −Q
)
k2 + SS+
]
H
√
pp˜
)
δϕ2 +
+
(
−2FXϕ ±
√
2MPl
√
pQ˜S+
) k2
a2
δϕρ±
±
√
2MPl
√
pQ˜k2
[
H
(
1
2
ηp −Q
)
δϕρ˙−HQ ˙δϕρ− ˙δϕρ˙
]}
,
where
Q = ǫ − p, Q˜ = a
2H2Q
M + k2
, p˜ =
H
√
p
M + k2
, M = a2H2(3 − p)Q, (3.20)
ηp =
p˙
pH
, S = 3− ǫ+ 1
2
ηp, S+ = a
2H2QS + k2.
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In order to have a proper sigh of this action, in the sense that the corresponding Hamiltonian
is bounded from below, both Q˜ and Q must be possitive. Demanding possitivity of them for all
values of the wavenumber k, we find the restriction Q > 0, i.e. 0 < p < ǫ. This considerably
norrows the parameter space of the theory, so that only the red region in diagram in fig. 1 is
allowed.
Note that the ± sign in front of the last term in the action originates from expressing ϕ˙0 in
terms of slow-roll parameters, ϕ˙0 =
√
2MPlH(±√p). The plus sign (+√p) corresponds to case
when ϕ0 grows during inflation while the case when ϕ0 decreases corresponds to minus sign
(−√p). Keeping both of these cases the sign ± will appear throughout the rest of the paper.
Unfortunately, equations governing evolution of perturbations obtained by variation of this
action are coupled. Due to the effect of gravity, this occurs even if FXϕ is set to zero. In
order to quantize scalar perturbations properly, δϕ and ρ then must be replaced by their linear
combinations δϕ˜ and ρ˜ such that the part of the action S
(2)
δϕ˜-ρ˜ describing coupling vanishes.
Finding the transformation relation (δϕ, ρ) 7→ (δϕ˜, ρ˜), or finding the solution for δϕ and ρ
directly, is a matter of solving a complicated system of differential equations. The problem
can be simplified in the special case if p is small, at most of the same order as ǫ, and FXϕ
is of a higher order, when the action written up to the next-to-leading order in the slow-roll
approximation reduces to
S
(2)
S =
∫
d3kdt
(2π)3
a3
[
M2Pla
2H2(k2 − 3a2H2Q)Qρ˙2 + (3.21)
+ 2M2Pla
2H3k2Q2ρ˙ρ−M2PlH2c2Lk4Qρ2 +
+
1
2
˙δϕ
2
+
1
2
(
Fϕϕ − k
2
a2
+ 3H2p
)
δϕ2 −Hpδϕ ˙δϕ±
±
√
2MPla
2H2
√
pQ
(
k2
a2
δϕρ− ˙δϕρ˙
)
− 2FXϕ k
2
a2
δϕρ
]
.
As a consequence of the restriction p < ǫ following from analysis of signs of terms in the action
(5), the parameter ηp defined by the fifth relation in (3.20) can be expressed as
ηp =
ǫ
p
η +
1
3
Fϕϕ
H2
, (3.22)
where only the leading order terms of the slow-roll approximation have been kept. Moreover,
FXϕ being much smaller than the slow-roll parameter yields Fϕϕ ∼ ǫ, and therefore parameter
ηp is small as well.
For the inflationary expansion of the universe, the smallness of parameter p requires also
smallness of parameter q, because up to the first order in the slow-roll parameter, relation (2.7)
is simplified to ǫ = p + q, and considering smallness of ηp = p˙/(pH), q˙/(qH) must be small as
well. For this reason not only ǫ and η, but also p and ηp may be called slow-roll parameters.
Consequently, higher derivatives of the function F with respect to X and ϕ cannot be arbitrary
either. By differentiating parameters p and q with respect to time and using the background
equations (2.3)-(2.5) we find that if p is not much greater than ǫ the partial derivatives of F
are constrained by slow-roll parameters,
XFX , X
2FXX , X
3FXXX ,
√
pFϕ ∼ ǫ, X√pFXϕ, X2√pFXXϕ, ... ∼ ǫ2. (3.23)
Up to the leading order in slow-roll parameters the sound speeds (3.15) and (3.18) can be
rewritten in the form
c2T = 1 +
2
3
FY + FZ
XFX
, c2L =
1
3
+
1
9
p
ǫ− p
Fϕϕ
H2
+
8
9
FY + FZ
XFX
, (3.24)
and neglecting the first order terms of the slow-roll approximation we obtain constraints
4
3
c2T − c2L = 1, −
3
8
≤ FY + FZ
XFX
≤ 0, (3.25)
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so that the transverse sound speed must be greater than
√
3/2 and the longitudinal one must be
smaller than
√
1/3, unless ǫ− p ∼ ǫ2. The assumption of real sound speeds was also taken into
account, since if they were imaginary the undesired exponential growth of the perturbations
would occur. We can also see that ǫ−p cannot be much smaller than ǫ2, more precisely without
neglecting the term with H−2Fϕϕ in (3.24) we obtain
−3 ≤ p
ǫ− p
Fϕϕ
H2
≤ 18, −3
2
≤ FY + FZ
XFX
≤ 0. (3.26)
4 Scalar perturbations
By varying the quadratic action (3.21) we obtain equations for scalar perturbations in the form
of plane waves with wavenumber k,
ρ¨k +
(
5− 2ǫ+ ηQ − 6a
2H2
k2
Q
)
Hρ˙k +
[(
5 + 3c2L
)
Q+
k2c2L
a2H2
]
H2ρk =
= ±
√
p√
2MPlk2
[
δ¨ϕk + 5H
˙δϕk +
k2
a2
(
1±
√
2MPlFXϕ√
pFX
)
δϕk
]
, (4.1)
δ¨ϕk + 3H
˙δϕk −
(
Fϕϕ − k
2
a2
+ 6H2p
)
δϕk =
= ±√2MPla2H2√pQ
[
ρ¨k + 5Hρ˙k +
k2
a2
(
1±
√
2MPlFXϕ√
pFX
)
ρk
]
, (4.2)
where
ηQ =
Q˙
QH
=
ǫη − pηp
ǫ− p . (4.3)
One can find the Fourier mode functions of δϕ and ρ either by solving these equations nu-
merically or employing some approximative methods such as the uniform approximation, see
[28, 29], but we restrict ourselves to the case when a simple form of analytical solutions can
be found. This requires not only assumptions we have imposed so far, but also two additional
ones. The first assumption is that parameter ηQ must be at most of the same order as slow-roll
parameters, and the second assumption concerns parameter ηL defined as
ηL =
c˙L
cLH
, (4.4)
which must be small as well. Smallness of ηQ may be violated if ǫ− p ∼ ǫ2 and in such case we
have to demand ǫη−pηp ∼ ǫ3. Note that analytical solution of equations for scalar perturbations
can be easily found also for arbitrary value of ηQ as long as its time dependence is mild, but
this choice results in large value of the scalar spectral tilt, see relation (4.36) in the end of this
section, which is refuted by observations.
The right-hand side of equation (4.2) can be neglected if
FXϕ = ±
√
pFX√
2MPl
(
c2L − 1
)
, (4.5)
since in this special case the combination of terms in brackets represents the equation of motion
for the scalar perturbation ρ (4.1) in the leading order of the slow-roll approximation. Therefore,
the equation of motion for the scalar field perturbation δϕ is decoupled and can be easily solved.
Equation for ρ can be decoupled by replacing ρ by the new variable S defined by
Sk = ρk ∓
√
p√
2MPlk2
δϕk, (4.6)
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however, as we will see, to solve the equation for S is a bit more tricky than to solve the equation
for δϕ.
In order to solve equations of motion for perturbations it is useful to introduce the conformal
time τ defined in the standard way as τ =
∫
a−1dt, τ ∈ (−∞, 0). By replacing the cosmological
time by it and considering assumptions imposed above including special form of FXϕ given by
(4.5), we find
S ′′k −
(
4 + 2ǫc + ηQ,c − 6Qc
k2τ2
)
1
τ
S ′k +
(
5 + 3c2L,c
τ2
Qc + c
2
L(τ)k
2
)
Sk = 0, (4.7)
δϕ′′k − 2
1 + ǫc
τ
δϕ′k +
(
k2 − 6pc +H
−2
c Fϕϕ,c
τ2
)
δϕk = 0, (4.8)
where the prime denotes the differentiation with respect to the conformal time, H = a′/a, and
the subscript c stands for quantities evaluated at the reference time τc when the longest mode
of observational relevance today with the wavenumber kmin ∼ Htoday (atoday ≡ 1) exits the
horizon, i.e., ∣∣∣∣ kminHcac
∣∣∣∣ ∼ |Htodayτc| = 1. (4.9)
Using this convention we also obtain relations
a = ac
(
τ
τc
)−1−ǫc
, H =
−1− ǫc
acτc
(
τ
τc
)ǫc
= Hc
(
τ
τc
)ǫc
, (4.10)
ǫ = ǫc
(
τ
τc
)−ηc
, p = pc
(
τ
τc
)−ηp,c
, Q = Qc
(
τ
τc
)−ηQ,c
, cL = cL,c
(
τ
τc
)−ηL,c
.
The Fourier modes of δϕ and ρ can be quantized in the standard way as
ρk = ρ
(cl)
k
ak + ρ
(cl)∗
−k a
†
−k, (4.11)
δϕk = δϕ
(cl)
k
bk + δϕ
(cl)∗
−k b
†
−k, (4.12)
where the classical solutions obeying equations of motion are denoted by the superscript (cl),
and the creation and annihilation operators obey commutation relations[
ak1 , a
†
k2
]
=
[
bk1 , b
†
k2
]
= (2π)3δ(3)(k1 − k2). (4.13)
Normalization of the classical solutions is determined by the equal time commutation relations
for δϕ and ρ and their conjugate momenta
[ρ(x1, t), πρ(x2, t)] = [δϕ(x1, t), πδϕ(x2, t)] = iδ
(3)(x1 − x2), (4.14)
and it can be obtained by matching the canonically normalized fields
δϕ(can) = aδϕ(cl), ρ(can) =
√
2MPlHa
2
√
Qkρ(cl), (4.15)
to the mode functions of the free wave function of the Minkowski space vacuum, 1√
2k
e−ikτ or
1√
2cLk
e−icLkτ in the limit of very early time, τ → −∞, when the modes are deep inside the
horizon, k ≪ Ha, and the curvature of spacetime does not affect their evolution.
The correctly normalized classical solutions of equations (4.7) and (4.8) are
ρ
(cl)
k = −i
√
π
2
√
2
Hc
MPl
√
Qck
(−τ) 52H(1)5
2
(−cL,ckτ), (4.16)
δϕ
(cl)
k = −
√
π
2
Hc(−τ) 32H(1)3
2
(−kτ), (4.17)
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where H
(1)
ν denote Hankel functions of the first kind, and all parameters in equations of motion
which are of the same order as slow-roll parameters or smaller have been omitted. This result
is valid even without the restriction on FXϕ (4.5) taken into account and it is sufficient for
calculation of the scalar bispectrum in the leading order of the slow-roll approximation discussed
in the next section, but the omitted parameters are needed to determine the deviation of the
scalar power spectrum from the flat one. Unfortunately, when these parameters are taken
into account, equation (4.7) cannot be solved immediately because of the term proportional
to τ−2 in the coefficient in front of Sk. The extra term can be removed by performing one
more transformation of dependent variable, mimicking the transformation used in [12]. The
appropriate variable appears to be a scalar quantitiy U defined by the solid matter velocity
u(s)i as
U = Hδu(s) = a2H(ρ˙− ξ), (4.18)
where the δu is the scalar part of the solid matter velocity, u
(s)
i = δu
(s)
,i + u
(s)T
i , u
(s)T
i,i = 0,
and the term −ξ in the brackets originates from lowering the index with use the perturbed
metric. By inserting (3.11) into (4.18) and keeping only the relevant terms in the slow-roll
approximation we obtain
Uk = a2H
[(
1− 3a
2H2
k2
Q
)
S˙k +HQSk
]
. (4.19)
The quantity U is related to the quantity R defined with the use of the notation from [30] (see
equation (5.4.22) there) as
Rk = Ak
2
+Hδuk, (4.20)
where the signature (−+++) is used and δu is the scalar part of velocity of the system consisting
of solid matter and scalar field. In order to express the right-hand side of this definition in the
terms of scalar perturbations present in our model we need the (0 − i) components of stress-
energy tensor up to the first order of the perturbation theory. By inserting the resulting velocity
potential into the defintion of R and returning to the signature of the metric tensor which we
use, we find
R = −Q
ǫ
U ∓
√
p√
2MPlHǫ
δϕ. (4.21)
In the case when the scalar field ϕ is not present in the universe, we simply have R = −U .
Using equation (4.19) together with (4.1), (4.2) and (4.5), the scalar quadratic action (3.21)
can be rewritten into a more convenient form
S
(2)
S =
∫
d3kdt
(2π)3
a3
{
M2Pl
c2L
Q
[
−U˙2 − 2H(3− ǫ −Q+ ηQ)U˙U + (4.22)
+
(
k2
a2
c2L − (9 − 6ǫ− 6Q− 3c2LQ+ 6ηQ)H2
)
U2
]
+
+
1
2
˙δϕ
2
+
1
2
(
Fϕϕ − k
2
a2
+ 3H2p
)
δϕ2 −Hpδϕ ˙δϕ
}
.
The sign of the kinetic term of U in the action is the opposite as for ρ, because in the gauge
which we use, ρ measures the position of the solid matter elements while U measures their
velocity. As a simple example, such a change of the sign appears also in the action of the
one-dimensional harmonic oscillator S =
∫
dt(x˙2 − ω2x2)/2, which rewritten in terms of the
velocity v = x˙ takes the form S =
∫
dt(−ω−2v˙2 + v2)/2.
Equation of motion for U obtained by varying the action (4.22) reads
U ′′ − 2 + 2ǫc + ηQ,c − 2ηL,c
τ
U ′ +
(
k2c2L(τ) + 3
(1 + c2L,c)Qc − 2ηL,c
τ2
)
U = 0, (4.23)
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where the longitudinal sound speed as a conformal time dependent function is given by the
last relation in (4.10). By matching the general form of the solution of this equation for the
canonically normalized field
U (can) = i
√
2
MPl
cL
a
√
QU , (4.24)
to free wave mode function of the Minkowski space vacuum, and applying the same procedure
to scalar field perturbation δϕ with all small parameters taken into account up to the first order
of the slow-roll approximation, we find
U (cl)k = i
√
π
2
√
2
HccL,c
MPl
√
Qc
(−τc)−ǫ(U)c
(
1 +
1
2
ηL,c − ǫc
)
ei
pi
2 p
(U)
c · (4.25)
·(−τ) 32+ǫ(U)c H(1)
3
2+p
(U)
c
(−cL(τ)(1 + ηL,c)kτ),
δϕ
(cl)
k = −
√
π
2
Hc(−τc)−ǫc(1− ǫc)eipi2 ǫ(δϕ)c (−τ) 32+ǫcH(1)3
2+ǫ
(δϕ)
c
(−kτ), (4.26)
where
ǫ(U) = ǫ +
1
2
ηQ − ηL, (4.27)
p(U) = p− c2LQ+
1
2
ηQ +
5
2
ηL, (4.28)
ǫ(δϕ) = ǫ + 2p+
1
3
Fϕϕ
H2
. (4.29)
Note that consistency of commutation relations (4.13) with commutation relations (4.14) re-
quires that the classical modes satisfy the relation ff ′∗ − c.c. = ia−2 ∝ (−τ)−1−ǫc . For modes
of the form we have found above the conequence of this condition is that prefactors in front of
Hankel function in (4.25) and (4.26) must be proportional to (−τ)3/2+ǫc . Unfortunately this is
true only for the scalar field perturbation δϕ, while for perurbation U the quantization is valid
only in the limit kτ → −∞. On the other hand, the spectral tilt which is calculated below do
not depend on the power of −τ in the prefactor in front of the Hankel function. This power
affects only the mild time dependence of the size of the power spectrum. Therefore, we find
the method of normalization of modes we have used sufficient for the purpose of finding results
presented in this paper.
Our goal is to compute the correlation functions of a scalar quantity ζ that parameterizes
the curvature perturbations, defined as
ζk =
Ak
2
−H δρk
˙¯ρ
, (4.30)
where the notation follows [30] again. Expressed in term of δϕ and U , the scalar perturbation
ζ in the leading order in slow-roll parameters is
ζ =
±√p√
2MPlǫ
(
˙δϕ
3H
− δϕ
)
+
Q
c2Lǫ
(
U˙
3H
+ U
)
, (4.31)
and the corresponding two-point function in the late time limit is
〈0| ζk1ζk2 |0〉 = (2π)3δ(3)(k1 + k2)
H2c
4M2Plǫ
2
c
k−31
(
τ
τc
)2ǫc+2ηc
· (4.32)
·
[
pc
(
τ
τc
)−ηp,c
(−k1τ)−2ǫ(δϕ)c + Qc
c5L,c
(
τ
τc
)−ηQ,c+5ηL,c
(−cL,ck1τ)−2p(U)c
]
.
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The scalar power spectrum Pζ(k) defined by
〈0| ζk1ζk2 |0〉 =
Pζ(k1)
2k31
(2π)5δ(3)(k1 + k2), (4.33)
is usually approximated by power-law function, Pζ(k) ∝ knS−1, where nS is the scalar spectral
index, being close to one for a nearly flat spectrum. The spectral tilt up to the leading order of
the slow-roll approximation can be computed as
nS − 1 = d lnPζ
d ln k
= −2c
5
L,eσpeǫ
(δϕ)
c + (ǫe − pe) p(U)c
ǫe +
(
c5L,eσ − 1
)
pe
, (4.34)
where the subscript e stands for quantities evaluated in the time when the inflation ends,
τe ≈ 0−, and σ denotes
σ =
(
τe
τc
)2(p(U)c −ǫ(δϕ)c )
= e2Nmin(ǫ
(δϕ)
c −p(U)c ),


σ ∼ 10 ǫ(δϕ)c > p(U)c
σ ∼ 1 ǫ(δϕ)c ≈ p(U)c
σ ∼ 1/10 ǫ(δϕ)c < p(U)c
, (4.35)
where Nmin is the minimal number of e-folds (Nmin ∼ 60), and (kmax/kmin)2(p
(U)
c −ǫ(δϕ)c ), kmax ∼
3000kmin being the maximal wavenumber corresponding to the highest observed multipole mo-
ment of the cosmic microwave background, and c
−2p(U)c
L,c were replaced by one. (For example
30000.01=˙1.08 and 0.10.01=˙0.98.) The fifth power of the longitudinal sound speed appearing in
relation (4.34) cannot be larger than 3−5/2=˙0.064, since the maximal value for the longitudinal
sound speed allowing inflationary expansion of the universe is 1/
√
3. and therefore, if σ is not
greater than of order unity, the dominant contribution to the spectral tilt is
nS − 1 ≈ −2p(U)c = 2c2L,cǫc − 2(1 + c2L,c)pc − ηQ,c − 5ηL,c, (4.36)
where the second power of the longitudinal sound speed with maximal allowed value 1/3 (unless
ǫ− p ∼ ǫ2) has been kept, whereas for σ ≫ 1 we have
nS − 1 ≈ −2ǫ(δϕ)c = −2ǫc − 4pc −
2
3
Fϕϕ,c
H2c
. (4.37)
Our inflationary model contains two special cases. The first one is the most simple single-
field inflation which can be obtained by taking the limit such that p = ǫ, when the scalar
spectral tilt (4.34) reduces to
nS − 1→ −2 ǫ(δϕ)c
∣∣∣
pc=ǫc
= −6ǫc − 2
3
Fϕϕ,c
H2c
∣∣∣∣
pc=ǫc
= −2ǫc − ηc, (4.38)
see also relation (54) in [31]. The second special case is the solid inflation model in which the
scalar field δϕ is not present and parameter p must be set to zero. The corresponding spectral
tilt is
nS − 1→ −2 p(U)c
∣∣∣
pc=0
= 2c2L,cǫc − ηc − 5ηL,c, (4.39)
the same which can be found in [12].
5 Scalar bispectrum
In the linear order of the perturbation theory Gaussianity is preserved. Therefore, in order to
compute bispectrum which encodes the non-Gaussianity, cubic terms in the action are needed.
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These terms include higher partial derivatives of the function F , and those appearing in (3.23)
that are suppressed by the slow-roll parameter, may be neglected. Moreover, from (3.25) follows
0 ≤ FY + FZ ≤ −3
8
XFX =
9
8
M2PlH
2 (ǫ− p) , (5.1)
so that FY +FZ can be neglected as well. However, it must be small, its time derivative may not
be, because the restriction (5.1) is just an inequalitity, and therefore there are no restrictions
on FXY + FXZ and FY ϕ + FZϕ. On the other hand, small functions with not small derivative
usually do not occur in physical problems, so that it is reasonable to restrict ourselves to the
special case in which
FY + FZ =
9
8
AM2PlH
2 (ǫ − p) , (5.2)
where A is a constant, or a slowly varying function, of order unity, A ∼ 1. By differentiating
this equation we obtain the restriction
X (FXY + FXZ)∓ MPl√
2
√
p (FY ϕ + FZϕ) ∼ ǫ2, (5.3)
which is satisfied if we put
F˜ = X (FXY + FXZ) = ±MPl√
2
√
p (FY ϕ + FZϕ) , (5.4)
and allow F˜ to be of arbitrary order in the slow-roll parameters. When ǫ − p is much smaller
than ǫ, restriction (3.25) is no longer valid and the second relation in (3.26) must be used
instead. This obviously does not change the point of this paragraph.
In the previous section we had to impose several restrictions on parameters of the theory
in order to be able to solve equations for scalar perturbations analyticaly. Consequently the
results for the scalar two-point function and the corresponding spectral tilt are valid only in
special case. Fortunately in this section we will be able to calculate the the scalar tree-point
function and the corresponding bispectrum in more general case. In addition to condition (5.2)
and smallness of p following from analysis of signs of terms in scalar quadratic action here
we have to demand only two restrictions, smallness ηQ defined in (4.3) and ηL in (4.4). As a
reminder, the properly normalized classical mode of the scalar perturbation ρ (4.16) is of the
order ρ ∼ (ǫ − p)−1/2. Now we have everything needed to keep track of orders in the slow-roll
approximation when collecting cubic terms of the action.
By expanding the action (3.6) up to the third order in scalar perturbations and keeping only
the leading order terms in the slow-roll approximation we find
S
(3)
S =
∫
d4xa3
[
− 8
81
(
2
3
FY + F˜
)
(ρ,ii)
3
+ (5.5)
+
8
27
(
FY + F˜
)
ρ,iiρ,jkρ,jk − 8
27
FY ρ,ijρ,ikρ,jk ±
± 4
√
2
9MPl
F˜√
p
(
ρ,ijρ,ij − 1
3
(ρ,ii)
2
)
δϕ
]
.
This action determines the interaction Hamiltonian responsible for the non-Gaussianity of scalar
perturbations. The scalar bispectrum is given by the three-point function of the scalar ζ, which
can be computed with the use of the in-in formalism [32] as
〈ζk1(τ)ζk2 (τ)ζk3(τ)〉 = −i
τ∫
−∞
a(τ ′)dτ ′ 〈0| [ζk1(τ)ζk2 (τ)ζk3 (τ), Hint(τ ′)] |0〉 , (5.6)
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where only the first order term with a single integration and a simple commutator is considered.
By inserting (4.31), (5.5) and classical modes (4.16) and (4.17) into this formula, and using the
commutation relations (4.13), we find the late time three-point function in the leading order of
the slow-roll approximation,
〈ζk1(0)ζk2(0)ζk3(0)〉 =
H2c (2π)
3δ(3)(k1 + k2 + k3)
2M6Plc
12
L,cǫ
3
c (k1k2k3)
3
[
Q˜(k1,k2,k3)Λk1,k2,k3 + (5.7)
+ c2L,cF˜
(
Q(2,3)(k1,k2,k3)Ωk1,cL,ck2,cL,ck3 + 2 permutations
)]
,
where
Q˜(k1,k2,k3) =
(
FY + F˜
) k21 (k2 · k3)2 + 2 permutations
(k1k2k3)
2 − (5.8)
− 3FY (k1 · k2) (k1 · k3) (k2 · k3)
(k1k2k3)
2 −
2
3
FY − F˜ ,
Q(A,B)(k1,k2,k3) =
1
2
(kA · kB)2
(kAkB)
2 −
1
6
, A,B = 1, 2, 3, (5.9)
and Λk1,k2,k3 , Ωk1,cL,ck2,cL,ck3 ,... are given by the integrals
Λk1,k2,k3 = Re
{
i
∞∫
0
(
1− ik1z − 1
3
k21z
2
)(
1− ik2z − 1
3
k22z
2
)
(5.10)
(
1− ik3z − 1
3
k23z
2
)
ei(k1+k2+k3)zz−4dz
}
,
ΩA,b,c = Re
{ ∞∫
0
(i+Az)
(
1− ibz − 1
3
b2z2
)
(5.11)
(
1− icz − 1
3
c2z2
)
ei(A+b+c)zz−4dz
}
,
where the first index of Ω is denoted by capital caligraphical letter in contrast to the second
and third index denoted by small letters, because the first index is the only one corresponds to
wavenumber which is not multiplied by the longitudinal sound speed. These integrals obviously
do not converge. The divergence due to unbounded upper limit of integration interval at z =∞
can be avoided by tilting the integration contour, z → (1+iε)z, with ε→ 0+. This also provides
projection on the right vacuum. The divergence of the integral (5.10) due to the lower limit of
integration interval at z = 0 is consumed by evaluating the real part of the integral, however in
the integral (5.11) a logarithmic divergence remains. By calculating integrals (5.10) and (5.11)
in this way, we obtain
Λk1,k2,k3 = −
1
27 (
∑
i k1)
3
[
3
∑
i
k6i + 9
∑
i6=j
k5i kj + 12
∑
i6=j
k4i k
2
j + 6
∑
i6=j
k3i k
3
j +
+ 18
(∏
i
ki
)∑
i6=j
k2i kj + 18
(∏
i
ki
)∑
i
k3i + 20
(∏
i
ki
)2 ]
, (5.12)
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ΩA,b,c =
1
3
A3 [γEM + ln (−τe (A+ b+ c)) +O (τe (A+ b+ c))]− (5.13)
− 1
9 (A+ b+ c)2
[
b5 + 2b4c+ 2b3c2 + 2b2c3 + 2bc4 + c5 +
+ 2A (b4 + b3c+ b2c2 + bc3 + c4)+ 2A2 (2b3 + 3b2c+ 3bc2 + 2c3)+
+ A3 (10b2 + 17bc+ 10c2)+ 11A4 (b+ c) + 4A5],
where γEM is the Euler–Mascheroni constant. The second integral has been computed with
integration limits (−τe,∞), τe being the time when the inflation ends, which can be expressed
as τe = −H−1todaye−Nmin. The integral is then dominated by
ΩA,b,c = −1
3
NζA3, (5.14)
whereNζ is a number of the order of number of e-folds, and we use this relation instead of (5.13)
in what follows. We also neglect the part of Q˜(k1,k2,k3) defined by (5.8) which is proportional
to F˜ , since its contribution is much smaller than the contribution from (5.14).
As a result of computations above, the scalar bispectrum Bζ(k1, k2, k3), defined by relation
〈ζk1ζk2ζk3〉 = (2π)3δ(3)(k1 + k2 + k3)Bζ(k1, k2, k3), (5.15)
consists of two parts,
Bζ(k1, k2, k3) = FY B
Y
ζ (k1, k2, k3) +Nζc2L,cF˜ B˜ζ(k1, k2, k3), (5.16)
parametrized by three independent parameters of the theory, FY , F˜ and cL,c. Due to the delta-
function on the right-hand side of (5.15), three wavenumbers k1, k2 and k3 can be identified
with the sides of a triangle, and all information about bispectrum is encoded in a function of two
variables which characterize the shape of the triangle. Following conventions of [33], we define
x = k2/k1 and y = k3/k1 and describe the bispectrum by the function x
2y2Bζ(1, x, y) defined
in region 1 − x ≤ y ≤ x, 1/2 ≤ x ≤ 1, 0 ≤ y ≤ 1. Shapes of the functions x2y2BYζ (1, x, y)
and x2y2B˜ζ(1, x, y) are depicted in the first two panels of fig. 2. All functions in the figure are
normalized to have value 1 in the equilateral limit, x = y = 1.
Function BYζ (k1, k2, k3) has the same shape as bispectrum derived by Endlich et al. in the
model where the inflation is driven by the solid only [12]. It peaks in the squeezed limit, x = 1,
y = 0, with anisotropic dependence on how the limit is approached. The second part of the
bispectrum B˜ζ(k1, k2, k3) follows from the presence of the scalar field in our combined model
and it has similar shape as the first one.
It is not unexpected that our model with the additional degree of freedom allows for a wider
range of different shapes of the bispectrum. The overall bispectrum peaks in the squeezed
limit, unless F˜ /FY = (5/6)N−1ζ c−2L,c, when it peaks in the equilateral limit instead. This case
is depicted in the third panel of fig. 2. An example of the overall bispectrum for F˜ /FY >
(5/6)N−1ζ c−2L,c, when the relative sign of the bispectrum in the squeezed limit and the bispectrum
in the equilateral limits flips, is depicted in the fourth panel.
Apart from the shape of the bispectrum, we are interested also in its size. It is given by
the non-linearity parameter fNL defined for the Newtonian potential Φ, which is proportional
to the scalar ζ in the long-wavelength limit, Φ = 3ζ/5. Following the definition (4) in [34], we
can use the formula
fNL =
5
72π4
k6Bζ(k, k, k)
P2ζ (k)
, (5.17)
and by inserting (4.32) and (5.7) into it, we find
fNL =
ǫc[
ǫc +
(
c5L,c − 1
)
pc
]2
(
19415
13122
1
c2L,c
FY
F
− 5
18
Nζ F˜
F
)
. (5.18)
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Fig. 2: Shapes of the scalar bispectrum. Flat triangles represent the zero plane.
We can see that if ǫ−p ∼ ǫ ∼ p, the non-linearity parameter is of the order fNL ∼ (FY /F )c−2L ǫ−1,
the same as for the solid inflation without the scalar field, or fNL ∼ Nζ(F˜ /F )ǫ−1. Supposing
that c5L ∼ ǫ we have fNL ∼ (FY /F )c−2L ǫ−3 or fNL ∼ Nζ(F˜ /F )ǫ−3 if ǫ − p is of the order ǫ2.
The overall form of the non-linearity parameter is more complicated than in the solid inflation,
since our model features more parameters of the theory.
The condition ǫ − p . ǫ2 leading to an amplification of the non-linearity parameter can be
rewritten as q ≪ p, which means that the contribution of the solid matter to the overall stress-
energy tensor is negligible in comparison to the contribution of the scalar field. This also means
that coefficients in term is quadratic action corresponding to the solid matter are negligible
in comparison with coefficients of terms corresponding to the scalar field. Since coefficients
of the cubic action do not depend on ǫ − p, the interaction coefficient is effectively enhanced,
resulting in larger non-Gaussianity. Due to smallness of coefficients in solid matter kinetic term
in the quadratic action, the scalar perturbation ρ is normalized as ρ ∼ (ǫ − p)−1/2 and the
non-Gaussianity is enhanced even more. This normalization also prefers interaction terms with
ρ3 and ρ2δϕ over terms with ρδϕ2 and δϕ3, which we have omitted in our calculations.
So far, we have two constraints on our model given by observations. The first one concerning
the scalar spectrum is that the spectral index must have the value nS = 0.968 [35], and the
second one is fNL to be not much larger than 10 [36]. In our model there are three independent
parameters of the theory which are not necessarily suppressed by the slow-roll parameters,
FY , F˜ and cL, and in principle, the observational constraints can be satisfied. The way how
to obtain more restrictions on our model is to study tensor perturbations, although they are
beyond the reach of current observations. It is only known that the tensor-to-scalar ratio cannot
be larger than of the order of 0.1 [35, 37]. However, in order to make the analysis of the model
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in consideration complete, in the next section we compute the tensor spectrum and bispectrum.
6 Tensor perturbations
Because the same technicalities which have been used for the analysis of the scalar perturbations
are applicable also for the tensor perturbations, in this section the results are summarized more
succinctly than in the previous ones. The only results in this section which differentiate our
model from the solid inflation model are the tensor spectral tilt (6.8) and the tensor-to-scalar
ratio (6.9), which now contain the additional slow-roll parameter p. The tensor bispectrum is
affected by the presence of the scalar field only for higher orders of the slow-roll approximation,
which are not included here.
The tensor modes can be decomposed into two independent polarizations,
γkij =
∑
P=+,×
ePkijγ
P
k , (6.1)
where the polarization tensor ePij must satisfy the traceless and transversal conditions e
P
ii = 0
and kie
P
ij = 0, and as the normalization condition we use e
P
ije
P ′∗
ij = δPP ′ . The quantized tensor
modes can be written in the form
γkij =
∑
P=+,×
(
eP
kijγ
(cl)
k
aP
k
+ eP∗−kijγ
(cl)∗
−k a
P†
−k
)
, (6.2)
where the creation and annihilation operators obey the standard commutation relations and
γ(cl) denotes the classical solution of equation of motion given by the tensor quadratic action
(3.14).
The first equation in (3.25) implies that if the parameter ηL defined in (4.4) is small, and
the parameter ηT defined in the same manner,
ηT =
c˙T
cTH
, (6.3)
must be small as well, unless ǫ − p is much smaller than ǫ. In such case smallness of ηT is an
independent assumption. For calculation of tensor power spectrum and bispectrum we need no
additional assumptions. We only have to take into account restrictions which are consequence
of the slow-roll approximation, including p < ǫ, and relations (3.23)-(3.26). The equation for
tensor perturbations then can be written as
γ
(cl)′′
k
− 21 + ǫc
τ
γ
(cl)′
k
+
(
k2 + 4
ǫc − pc
τ2
c2T,c
)
γ
(cl)
k
= 0, (6.4)
where only terms up to the first order of the slow-roll approximation have been kept, and
notation follows the previous sections. By solving this equation and matching the canonically
normalized tensor mode, γ
(can)
k
= 1√
2
MPlaγ
(cl)
k
, to the free wave function of the Minkowski
space vacuum, we find
γ
(cl)
k
= −
√
π
2
Hc
MPl
(1− ǫc)(−τc)−ǫceipi2 ǫ(γ)c (−τ) 32+ǫcH(1)3
2+ǫ
(γ)
c
(−kτ), (6.5)
where ǫ(γ) = (1 − 4c2T/3)ǫ+ 4c2T p/3 and if ǫ− p ∼ ǫ it can be rewritten as (1 + c2L)p− c2Lǫ.
The tensor power spectrum Pγ(k) is defined by
〈γk1ijγk2ij〉 =
Pγ(k1)
2k31
(2π)5δ(3)(k1 + k2), (6.6)
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where the late time two-point tensor function is
〈γk1ijγk2kl〉 = (2π)3δ(3)(k1 + k2)
∑
P=+,×
ePk1ije
P∗
k1kl
H2c
M2Pl
k−31
(
τ
τc
)2ǫc
(−k1τ)−2ǫ
(γ)
c . (6.7)
As a result, the tensor spectral tilt is small,
nT − 1 = −2ǫ(γ)c =
8
3
c2T,c(ǫc − pc)− ǫc. (6.8)
For c2T = (3/4)ǫ/(ǫ − p) the tensor power spectrum is flat, for c2T > (3/4)ǫ/(ǫ − p) it is blue
shifted and for c2T < (3/4)ǫ/(ǫ− p) it is redshifted. Furthermore, the tensor-to-scalar ratio is
r =
Pγ
Pζ =
4c5Lǫ
2
ǫ+ (c5L − 1) p
, (6.9)
being of the order r ∼ c5Lǫ ∼ ǫ2 if ǫ − p ∼ ǫ ∼ p and c5L ∼ ǫ, and it is amplified to the order
of ǫ if ǫ − p is of the order ǫ2. This does not contradict the observational restrictions [35, 37].
Enhancement of this quantity in case when ǫ−p ∼ ǫ2 seems to be similar to enhancement of the
scalar non-linearity parameter fNL found in the previous section. In this case the reason is the
structure of relation (4.31), relating the perturbation ζ to the perturbations of solid matter and
scalar field, according to which contribution of solid matter to ζ is proportional to (ǫ− p)−1/2.
The tensor three-point function can be computed in the same way as the scalar one in the
previous section. In order to do so, we need the tensor cubic action,
S(3)γ =
∫
d4xa3
[
1
4
M2Pla
−2γijγkl
(
γik,jl − 1
2
γkl,ij
)
+
FY
27
γijγikγjk
]
. (6.10)
Keeping only the leading order terms in the slow-roll approximation, we find the three-point
function in the form
〈γk1i1j1(0)γk2i2j2(0)γk3i3j3(0)〉 =
16H2c (2π)
3δ(3)(k1 + k2 + k3)
M6Pl (k1k2k3)
3 · (6.11)
·
{[
− 1
4
M2PlH
2
cΠi1j1ab(k1)Πi2j2cd(k2)
(
Πi3j3ac(k3)(k3)b(k3)d −
− 1
2
Πi3j3cd(k3)(k3)a(k3)b
)
+ 5 permutations
]
Γk1,k2,k3 +
+
2
9
FY Πi1j1ab(k1)Πi2j2ac(k2)Πi3j3bc(k3)Ξk1,k2,k3
}
,
where Πabcd(k) =
∑
P e
P
abke
P∗
cdk, and Γk1,k2,k3 and Ξk1,k2,k3 are given by the integrals
Γk1,k2,k3 = Re


∞∫
0
(i+ k1z)(i+ k2z)(i+ k3z)e
i(k2+k2+k3)zz−2dz

 , (6.12)
Ξk1,k2,k3 = Re


∞∫
0
(i + k1z)(i+ k2z)(i+ k3z)e
i(k2+k2+k3)zz−4dz

 , (6.13)
The first integral can be computed with the tilted integration contour, as the integral (5.10),
and it is of the form
Γk1,k2,k3 =
∑
i
ki − 1
2
∑
i6=j kikj∑
i ki
−
∏
i ki
(
∑
i ki)
2 , (6.14)
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but in the second integral a logarithmic divergence occurs due to the lower limit of the integra-
tion interval, similarly as in the integral (5.11). If we replace the integration limits (0,∞) by
(−τe,∞), we find that the second integral in the limit of small τe is
Ξk1,k2,k3 =
1
6
(∑
i
ki
)∑
i6=j
kikj

− 4
3
∏
i
ki + (6.15)
+
[
4
9
− 1
3
γEM − 1
3
ln
(
−τe
∑
i
ki
)]∑
i
k3i .
It is dominated by
Ξk1,k2,k3 =
1
3
Nγ
∑
i
k3i , (6.16)
where Nγ is a number of the order of number of e-folds, and the results presented in what
follows were computed by using this relation instead of (6.15).
Fig. 3: Shapes of the tensor bispectrum.
Conventionally one computes the three-point function for polarization modes ϑP
k
defined as
ϑPk = γkije
P∗
ij . (6.17)
Using the properties of the polarization tensor, the tensor three-point function (6.11) can be
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rewritten for the polarization mode ϑ+
k
as
〈
ϑ+
k1
ϑ+
k2
ϑ+
k3
〉
= −16H
2
c
M2Pl
(2π)3δ(3)(k1 + k2 + k3) · (6.18)
·
(
1
4
M2PlH
2
cG+++k1,k2,k3Γk1,k2,k3 −
2
9
FY X+++k1,k2,k3Ξk1,k2,k3
)
,
where
G+++k1,k2,k3 =
(
∑
i ki)
2
2
X+++k1,k2,k3 , (6.19)
X+++k1,k2,k3 =
(
∑
i ki)
3
64 (
∏
i ki)
5


(∑
i
ki
)3
− 2
(∑
i
ki
)
∑
i6=j
kikj

+ 8∏
i
ki

 .
The tensor bispectrum Bϑ+(k1, k2, k3) consists of two parts,〈
ϑ+
k1
ϑ+
k2
ϑ+
k3
〉
= (2π)3δ(3)(k1 + k2 + k3)Bϑ+(k1, k2, k3) = (6.20)
= (2π)3δ(3)(k1 + k2 + k3)
[
B
(grav)
ϑ+ (k1, k2, k3) +NγFYBYϑ+(k1, k2, k3)
]
.
The behaviour of both parts as well as of their sum for two values of FY is depicted in fig.
3. The first part of the bispectrum B
(grav)
ϑ+ (k1, k2, k3), given by the non-linear structure of the
scalar curvature in general relativity, can be found in most inflationary models, in particular
single-field ones, see [38]. The second part BYϑ+(k1, k2, k3) represents the effect of the solid,
while the presence of the scalar field in our model affects the tensor bispectrum only in higher
orders of slow-roll approximation, which are not included in our work.
Both parts of the tensor bispectrum peak in the squeezed limit. The overall bispectrum does
not peak in this limit if FY = F
(lim)
Y = (81/16)M
2
PlH
2
cN−1γ , and it peaks in the equilateral limit
instead. For FY < F
(lim)
Y the peak in the squeezed limit has the same sign as the bispectrum
in the equilateral limit and for FY > F
(lim)
Y their relative sign is minus. This is demonstrated
in the third and fourth panel of the fig. 3. The tensor bispectrum is always zero in the folded
limit.
7 Conclusion
In this paper we have studied a model in which inflation is driven not only by a solid as in
[12], but also by a scalar field ϕ with standard kinetic term. The object defining the model
is the potential F (ϕ,X, Y, Z), where the quantities X , Y and Z defined in (1.4) describe the
solid. The model represents the most straightforward combination of solid inflation and the
basic single-field inflationary model. It can be considered as, for instance, a simple toy model
of interactions of fields driving the solid inflation with fields of an effective field theory of the
standard model.
Due to the additional degree of freedom, the slow-roll parameter ǫ is a function of two
independent parameters p and q defined in (2.7), which, in principle, allows for a wide range of
inflationary scenarios. However, we have restricted ourselves to the special case such that both
p and q are small, being of the same order as the slow-roll parameter. As a consequence, the
scalar field mass squared −Fϕϕ is of the first order in the slow-roll parameter, which leads to
the relation (3.25) between the transversal sound speed cT and the longitudinal sound speed cL.
Moreover, in case that FXϕ has a special form given in (4.5) the analysis of the cosmological
perturbations can be treated analytically, since equations of motion for two scalar perturbations
present in our model become decoupled if ρ is replaced by U .
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Under assumptions adopted above the scalar spectrum is nearly flat and for the scalar
bispectrum different shapes are allowed. The reason is that there are three independent pa-
rameters of the theory which are not necessarily suppressed by the slow-roll parameters, FY ,
F˜ defined in (5.4) and the longitudinal sound speed. We computed the scalar bispectrum only
in the leading order of the slow-roll approximation which does not require FXϕ to be of the
special form given by (4.5). In solid inflation the bispectrum peaks in the squeezed limit with
an anisotropic dependence on how the limit is approached. This applies also for our combined
model, unless F˜ /FY = (5/6)N−1ζ c−2L , when the bispectrum peaks in the equilateral limit in-
stead. The non-linearity parameter is of the order fNL ∼ (FY /F )c−2L ǫ−1, the same as for the
solid inflation without scalar field, or fNL ∼ Nζ(F˜ /F )ǫ−1, and is amplified by a factor of the
order ǫ−2 when ǫ − p is of the order ǫ2, i.e. when the contribution of the solid matter to the
overall stress-energy tensor is much smaller than the contribution from the scalar field. In this
case the relation (3.25) between the sound speeds cT and cL is not valid. The case when ǫ−p is
of order ǫ5/2 or smaller is excluded, since the sound speeds would be superluminal or imaginary.
The tensor power spectrum is nearly flat with spectral tilt given by the slow-roll parameters
ǫ and p and the longitudinal sound speed. The tensor-to-scalar ratio is of the order r ∼ c5Lǫ ∼ ǫ2
if ǫ−p ∼ ǫ ∼ p, while for ǫ−p being of the order ǫ2 we have r ∼ ǫ, which is in agreement with the
observational restrictions. In our model the tensor bispectrum computed in the leading order
of the slow-roll approximation does not differ from the tensor bispectrum in solid inflation. It is
affected by presence of the scalar field only in the higher orders of the slow-roll approximation,
which are not included in our work.
Although the part of the analysis of cosmological perturbations presented in our work con-
cerning scalar power spectrum tilt is valid only when parameters of the theory are fine tuned
so that (4.5) is satisfied, the problem can be studied also without this restriction. Of course,
this would demand more complicated or even nonanalytic treatment. We leave this for future
work.
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